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Abstract
Nonlinear realizations superfield techniques, pertinent to the description of partial break-
ing of global N = 2 supersymmetry in a flat d = 4 super Minkowski background, are
generalized to the case of partially broken N = 1 AdS5 supersymmetry SU(2, 2|1). We
present, in an explicit form, off-shell manifestly N = 1, d = 4 supersymmetric minimal
Goldstone superfield actions for two patterns of partial breaking of SU(2, 2|1) super-
symmetry. They correspond to two different nonlinear realizations of the latter, in the
supercosets with the AdS5 and AdS5 × S
1 bosonic parts. The relevant worldvolume
Goldstone supermultiplets are accommodated, respectively, by improved tensor and chi-
ral N = 1, d = 4 superfields. The second action is obtained from the first one by dualizing
the improved tensor Goldstone multiplet into a chiral Goldstone one. In the bosonic sec-
tors, the first and second actions yield static-gauge Nambu-Goto actions for a L3-brane
on AdS5 and a scalar 3-brane on AdS5 × S
1.
∗bellucci@lnf.infn.it
†eivanov@thsun1.jinr.ru
‡krivonos@thsun1.jinr.ru
1 Introduction
The description of superbranes in terms of worldvolume Goldstone superfields based on the con-
cept of partial spontaneous breaking of global supersymmetry (PBGS) [1, 2] is advantageous
in many respects. Its main attractive feature is that the corresponding invariant actions reveal
manifest off-shell linearly realized worldvolume supersymmetry. The second half of the full
supersymmetry is nonlinearly realized [3]-[11] (see [12, 13] for a review and further references).
A group-theoretical basis of the PBGS theories is provided by the appropriate versions of the
general nonlinear realizations method [14]. The PBGS approach has many potential capabilities
and implications in string theory, e.g. for constructing non-abelian Born-Infeld actions, as well
as their supersymmetric extensions, for describing different possibilities of a non-standard par-
tial supersymmetry breaking (such as 1/4, 3/4, . . .) and studying the Hamiltonian and quantum
structure of the relevant models, etc (see e.g. [15]-[18]).
Most PBGS theories constructed so far correspond to superbranes on flat super Minkowski
backgrounds. On the other hand, in the framework of the AdS/CFT correspondence [19],
of primary interest are the AdS×S and pp-wave type [20] superbackgrounds, with S being
some curved Riemannian manifold, e.g. a sphere Sn. While Green-Schwarz type actions for
branes on such backgrounds are known (see e.g. [21, 22]), not too many explicit examples of
the worldvolume superfield PBGS actions were presented. Until now such actions were given
only for N = 1 supermembrane in AdS4 [23], N = 1 superstring in AdS3 [24] and N = 2
superparticle in AdS2 [18] (the two latter examples are dimensional reductions of the first one).
The corresponding groups of superisometries coincide with superconformal groups in dimensions
lower by 1 (in d = 3, d = 2 and d = 1), so the construction of these PBGS systems amounts to
setting up appropriate nonlinear realizations of superconformal symmetries.
It is tempting to construct PBGS versions of superstring and D3-brane on the AdS5 × S
5
superbackground which is the basic ingredient of the original AdS/CFT conjecture. They
should reappear in this context as theories of partial breaking of the N = 4 superconformal
group SU(2, 2|4). It is natural to begin with some their truncations, corresponding to nonlinear
realizations of the simpler cases of N = 1 and N = 2, d = 4 superconformal groups SU(2, 2|1)
and SU(2, 2|2). In [25] an attempt to construct a PBGS model for SU(2, 2|1) was undertaken.
This model generalizes that of [4] and should reduce to it in the limit of infinite AdS5 radius
R. Similarly to the model of [4], also its generalization employs a N = 1 chiral superfield as
the basic Goldstone one and is expected to describe a scalar 3-brane on AdS5 × S
1. However,
the proper minimal Goldstone superfield action was not constructed in [25], though it was
suggested that such an action could be regained like this has been done in the flat case in
[4, 5, 6]. There, an alternative PBGS action with a linear (tensor) N = 1 Goldstone multiplet
was firstly constructed and then it was dualized into an action of N = 1 chiral Goldstone
supermultiplet.
The basic aim of the present paper is to carry out such a construction in the case of AdS5
background.1 Instead of dealing with a nonlinear realization of SU(2, 2|1) in the standard
approach [14], we follow the line of refs. [4, 5, 6, 23, 9]. We firstly define a non-standard
N = 2, d = 4 superspace of SU(2, 2|1) which contains Grassmann coordinates associated with
both Poincare´ and conformal supersymmetry generators. Then we seek for a representation of
SU(2, 2|1) on the chiral and improved tensor N = 1 superfields defined as N = 1 components
of a suitable ‘N = 2, d = 4 tensor multiplet’ with a Goldstone-type transformation law. We
find that requiring the closure of SU(2, 2|1) on this set of N = 1 superfields necessarily implies
1Its sketchy exposition was given in [26].
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the constraints, which are a generalization of those used in [4, 5, 6]. They allow one to trade the
chiral superfield for the improved tensor one and to construct a SU(2, 2|1) invariant action of
the tensor N = 1 Goldstone superfield. The action describes a AdS5 L3-superbrane
2 in a static
gauge and goes into that of refs. [4, 5, 6], upon taking the R =∞ limit. Then we dualize the
Goldstone tensor multiplet into a chiral one and thus obtain the Goldstone superfield action
with the AdS5 × S
1 3-brane bosonic part, i.e. just that corresponding to the PBGS option
analyzed in ref. [25].
This paper is organized as follows. In Section 2 we recall the basic properties and exist-
ing superfield formulations of the N = 2, d = 4 tensor multiplet which plays a central role in
our construction. In Section 3 we repeat, in a somewhat different setting, the construction of
the PBGS superfield action for the N = 1 Goldstone tensor multiplet in a flat d = 4 super
Minkowski background. We demonstrate that the requirement of covariance under the nonlin-
early realized d = 5 Lorentz SO(1, 4) symmetry provides an alternative way of deducing the
constraints which should be imposed [4] on the linear tensor N = 2 supermultiplet in order to
obtain the appropriate nonlinear realization in terms of the single Goldstone tensor N = 1 su-
permultiplet. In Section 4 we generalize the whole construction to the AdS5 case, corresponding
to the one-half partial breaking of SU(2, 2|1) supersymmetry (down to N = 1, d = 4 Poincare´
supersymmetry). For self-consistency, in this case we are led to impose from the very beginning
the constraints which properly generalize those of the flat background. The resulting nonlinear
realization is the genuine generalization of the flat case one, and the SU(2, 2|1) invariant action
of the Goldstone improved tensor N = 1 superfield can be constructed in a similar fashion.
In Section 5 we perform a duality transformation of the improved tensor Goldstone N = 1
superfield action we have constructed and arrive at the invariant action of a chiral Goldstone
N = 1 superfield. The latter properly generalizes the minimal Goldstone superfield action of
refs. [3, 4]. An outline of some open problems is the content of the concluding Section.
2 N=2 tensor multiplet
Since the central role in our study is played by a proper generalization of the N = 2 tensor
multiplet, we start with a brief recapitulation of the basic properties of the multiplet and its
different formulations.
In the standard N = 2, d = 4 superspace z = (xαα˙, θαi , θ¯
α˙ i) the N = 2 tensor multiplet is
described by an isotriplet of scalar fields Lij(z) satisfying the constraints [28]
D(iαL
jk) = 0 , D¯
(i
α˙L
jk) = 0 ,
(
Lij
)†
= −Lij ≡ −ǫikǫjlL
kl , (2.1)
where3
Diα =
∂
∂θαi
+ iθ¯α˙i∂αα˙ , D¯α˙i = −
∂
∂θ¯α˙i
− iθαi ∂α˙α , (θ
α
i )
† = θ¯α˙ i . (2.2)
It is convenient to introduce two sets of Grassmann coordinates and covariant derivatives(
θα1, θ¯
1
α˙
)
≡
(
θα, θ¯α˙
)
,
(
D1α, D¯α˙1
)
≡
(
Dα, D¯α˙
)
,(
θα2, θ¯
2
α˙
)
≡
(
ξα, ξ¯α˙
)
,
(
D2α, D¯α˙2
)
≡
(
∇α, ∇¯α˙
)
, (2.3)
2See [27] for the relevant nomenclature.
3We mostly use the conventions of [29].
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and rewrite (2.1) as follows:

DαF = 0 ,
DαL−∇αF = 0 ,
∇αL+DαF¯ = 0 ,
∇αF¯ = 0 ,


∇¯α˙F = 0 ,
∇¯α˙L+ D¯α˙F = 0 ,
D¯α˙L− ∇¯α˙F¯ = 0 ,
D¯α˙F¯ = 0,
(2.4)
where
L ≡ 2L12 = L¯ , F ≡ L11 , F¯ ≡ −L22 . (2.5)
One observes that the covariant derivatives of all superfields
{
L, F, F¯
}
with respect to ξ, ξ¯
are expressed from (2.4) as covariant derivatives with respect to θ, θ¯. Therefore, the only
independent N = 1 superfield components of these N = 2 superfields are the ξ = ξ¯ = 0
components of the latter subjected to the constraints (which also follow from (2.4))
D¯α˙F¯ = 0 , DαF = 0 , D
2L = D¯2L = 0 . (2.6)
Hence, they are the N = 1 chiral (F, F¯ ) and tensor (L) superfields.
Two other ways to describe the N = 2 tensor multiplet are the formulations in N = 2
harmonic [30, 29] and projective [31] superspaces. Such formulations are basically equivalent,
as shown in [32]. However, the projective superspace formulation is more suitable for our
eventual purpose of constructing PBGS N = 1 Goldstone superfield actions, because it allows
one to pass easily to N = 1 superfield formulations.
Projective superspace includes one additional complex bosonic CP1 coordinate ω. One
defines
Dωα = ωDα −∇α , D¯
ω
α˙ = D¯α˙ + ω∇¯α˙ , (2.7){
Dωα,D
ω
β
}
= 0 ,
{
Dωα, D¯
ω
α˙
}
= 0 ,
{
D¯ωα˙, D¯
ω
β˙
}
= 0 , (2.8)
and rewrites the original constraints (2.1) as
DωαL
ω = 0 D¯ωα˙L
ω = 0 , (2.9)
where
Lω = ωF + L−
F¯
ω
. (2.10)
Thus, the components of Lω are effectively N = 1 superfields and one can construct N = 2
invariants which look much like N = 1 ones and contain integration only over N = 1 superspace.
3 Goldstone N=1 tensor multiplet in a flat background
The idea to utilize the N = 1 tensor multiplet as the Goldstone one for describing the partial
breaking of global N = 2, d = 4 Poincare´ supersymmetry down to N = 1 has been worked out in
[4, 5, 6]. The basic ingredients of this construction are, first of all, an appropriate modification
of the linear N = 2 tensor multiplet and, secondly, the covariant constraints imposed on the
latter, in order to end up with a nonlinear realization of the N = 2→ N = 1 PBGS pattern in
terms of a single Goldstone N = 1 tensor multiplet. The corresponding Goldstone superfield
action is a manifestly N = 1 supersymmetric worldvolume form of the action of N = 1, d = 5
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L3-brane in a flat background. Here we reproduce this construction in a different setting,
which admits a direct generalization to the case we are mainly interested in, i.e. the partial
breaking of the SU(2, 2|1) supersymmetry down to the N = 1, d = 4 Poincare´ supersymmetry.
In passing, we show that the constraints of refs. [4, 5, 6] naturally arise from the requirement
of 5-dimensional Lorentz SO(1, 4) covariance.
We basically follow the line of refs. [3, 4]. As a first step, we should define a ‘linear’ version
of N = 2 → N = 1 PBGS in N = 2, d = 4 superspace with N = 2 tensor multiplet as the
relevant Goldstone one. We start with N = 2, d = 4 Poincare´ superalgebra extended by a real
central charge D{
Qα, Q¯α˙
}
= 2Pαα˙ ,
{
Sα, S¯α˙
}
= 2Pαα˙ , {Qα, Sβ} = −εαβD ,
{
Q¯α˙, S¯β˙
}
= −εα˙β˙D . (3.1)
Here Qα, Q¯α˙ and Sα, S¯α˙ are generators of unbroken and broken N = 1 supersymmetries, respec-
tively. The latter generators and the 4-translation generator Pαα˙ possess standard commutation
relations with the Lorentz so(1, 3) generators (Mαβ , M¯α˙β˙)
i [Mαβ ,Mρσ] = εαρMβσ + εασMβρ + εβρMασ + εβσMαρ ≡ (M)αβ,ρσ ,
i
[
M¯α˙β˙, M¯ρ˙σ˙
]
=
(
M¯
)
α˙β˙,ρ˙σ˙
, i [Mαβ , Pρρ˙] = εαρPβρ˙ + εβρPαρ˙ ,
i
[
M¯α˙β˙, Pρρ˙
]
= εα˙ρ˙Pρβ˙ + εβ˙ρ˙Pρα˙ , i [Mαβ , Qγ] = εαγQβ + εβγQα ≡ (Q)αβ,γ ,
i [Mαβ , Sγ] = (S)αβ,γ , i
[
M¯α˙β˙, Q¯γ˙
]
=
(
Q¯
)
α˙β˙,γ˙
, i
[
M¯α˙β˙, S¯γ˙
]
=
(
S¯
)
α˙β˙,γ˙
. (3.2)
Our basic superfield is Lω, eq. (2.10). We associate it with the generator D as the relevant
coset parameter, i.e. as a Goldstone N = 2 superfield. Together with the N = 2 superspace
coordinates
{
xαα˙, θα, θ¯α˙, ξ
α, ξ¯α˙
}
, the latter parameterizes the coset space of N = 2 Poincare´
supergroup over its d = 4 Lorentz subgroup SO(1, 3)
g = e−ix
αα˙Pαα˙+iθ
αQα+iθ¯α˙Q¯
α˙
eiξ
αSα+iξ¯α˙S¯
α˙
eiL
ωD . (3.3)
The CP1 co-ordinate ω on which Lω depends can be regarded, like harmonic coordinates, to
parameterize a coset of the R-symmetry group SU(2). However, this internal symmetry is
explicitly broken in the N = 2→ N = 1 PBGS actions [4]. For this reason in what follows we
shall not be interested in it. We treat ω as an external parameter, which allows one to incorpo-
rate all superfield components of the N = 2 tensor multiplet into the coset geometry. Thus, in
the present case, we are dealing with a special coset realization of N = 2 supersymmetry. We
call it ‘linear’ because, though the S-supersymmetry and D-transformations of the Goldstone
superfield Lω are inhomogeneous, they do not exhibit any nonlinearity.
The full set of N = 2 super Poincare´ transformations of the coset parameters in (3.3) can
be found by acting on (3.3) from the left by various group elements. Most relevant are the Q
and S supersymmetry transformations.
Unbroken Q supersymmetry (g0 = e
iǫαQα+iǫ¯α˙Q¯
α˙
) reads:
δxαα˙ = −i
(
ǫαθ¯α˙ + ǫ¯α˙θα
)
, δθα = ǫα , δθ¯α˙ = ǫ¯α˙ . (3.4)
Broken S supersymmetry (g0 = e
iηαSα+iη¯α˙S¯
α˙
) reads:
δxαα˙ = −i
(
ηαξ¯α˙ + η¯α˙ξα
)
, δξα = ηα , δξ¯α˙ = η¯α˙ , δLω = −i
(
θ · η − θ¯ · η¯
)
. (3.5)
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From (3.4) and (3.5) one observes that the ‘active’ form of the transformations of our basic
superfield Lω is standard with respect to the Q supersymmetry
δ∗QL
ω = ǫαQαL
ω + ǫ¯α˙Q¯
α˙Lω (3.6)
and is modified by a θ-dependent shift under S supersymmetry
δ∗SL
ω = −i
(
θ · η − θ¯ · η¯
)
+ ηαSαL
ω + η¯α˙S¯
α˙Lω . (3.7)
Here
Qα = −
∂
∂θα
+ iθ¯α˙∂αα˙ , Q¯α˙ =
∂
∂θ¯α˙
−iθα∂αα˙ , Sα = −
∂
∂ξα
+ iξ¯α˙∂αα˙ , Q¯α˙ =
∂
∂ξ¯α˙
−iξα∂αα˙ . (3.8)
This modification, being independent of ω, affects only the transformation law of L, leaving that
of F, F¯ in its standard form. Nevertheless, this modification is crucial. Firstly, it implies that
the spinor derivatives of L with respect to θ, θ¯, i.e. DαL and D¯α˙L, are shifted by Grassmann
parameters ηα, η¯α˙ under S supersymmetry and so are Goldstone fermions for the considered
linear realization of the N = 2 → N = 1 PBGS (the first component of L is the Goldstone
field for the broken 5th translation with the generator D). Secondly, due to this modification,
the basic constraints of N = 2 tensor multiplet (2.4) cease to be covariant and should also be
properly modified.
In order to find a proper deformation of (2.4), one should construct the covariant derivatives
of the Goldstone superfield Lω by the standard methods of nonlinear realizations [14]. First,
one calculates the Cartan forms
g−1dg = iωαα˙P Pαα˙ + iµ ·Q+ iµ¯ · Q¯ + iν · S + iν¯ · S¯ + iωDD + iωM ·M + iω¯M · M¯ , (3.9)
ωαα˙P = −dx
αα˙ + idθ¯α˙θα + idθαθ¯α˙ + idξ¯α˙ξα + idξαξ¯α˙ , να = dξα , ν¯α˙ = dξ¯α˙ ,
µα = dθα + ξ¯α˙dx
αα˙ , µ¯α˙ = dθ¯α˙ + ξαdx
αα˙ , ωαβM = ω¯
α˙β˙
M = 0 ,
ωD = dL
ω + i
(
ξ · dθ − ξ¯ · dθ¯
)
. (3.10)
Next one defines the covariant derivatives of Lω as
dLω = −ωαα˙P ∂αα˙L
ω + µαDθαL
ω − µ¯α˙D¯θα˙L
ω + ναDξαL
ω − ν¯α˙D¯ξα˙L
ω , (3.11)
where
DθαL
ω = DαL
ω + iξα , D¯
θ
α˙L
ω = D¯α˙L
ω − iξ¯α˙ , D
ξ
αL
ω = ∇αL
ω , D¯ξα˙L
ω = ∇¯α˙L
ω . (3.12)
Thus, only the spinor derivatives with respect to θ, θ¯ get modified. Once again, this modification
affects only the superfield L in Lω, while the covariant derivatives of F, F¯ retain their previous
form.
Now one can write the covariant constraints defining the N = 2 tensor multiplet with the
modified transformations properties (3.6), (3.7) by substituting the covariant derivatives (3.12)
in (2.9) or (2.4) for the previous ones. This gives

DαF = 0 ,
DαL+ iξα −∇αF = 0 ,
∇αL+DαF¯ = 0 ,
∇αF¯ = 0 ,


∇¯α˙F = 0 ,
∇¯α˙L+ D¯α˙F = 0 ,
D¯α˙L− iξ¯α˙ − ∇¯α˙F¯ = 0 ,
D¯α˙F¯ = 0 .
(3.13)
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The S-supersymmetry transformations (3.5) of the N = 2 tensor multiplet Lω induce the
following transformations for the N = 1 superfield components L, F, F¯ (with the constraints
(3.13) taken into account)
δL = −i
(
ηαθα − η¯α˙θ¯
α˙
)
+ ηαDαF¯ − η¯
α˙D¯α˙F ,
δF = −ηαDαL , δF¯ = η¯
α˙D¯α˙L . (3.14)
They of course coincide with those given in [4]. The superfields L and F, F¯ are subjected
to the same N = 1 constraints (2.6), which remain covariant with respect to the modified
transformations (3.14). The entire set of Goldstone fields (the goldstino for the N = 2→ N = 1
breaking and the Goldstone field for the broken D translations) is now accommodated by the
Goldstone N = 1 superfield L.
It is evident from (3.14) that one can construct an invariant ‘action’ as follows
S =
1
4
∫
d4xd2θ¯F +
1
4
∫
d4xd2θF¯ . (3.15)
In order to make it meaningful, one should express the chiral supermultiplet F, F¯ in terms of
the Goldstone tensor multiplet L by imposing proper covariant constraints. These additional
constraints were simply guessed in [4] and later re-derived in [5] from the nilpotency conditions
imposed on the appropriate N = 2 superfield. They read
F = −
DαL DαL
2−D2F¯
F¯ = −
D¯α˙L D¯
α˙L
2− D¯2F
(3.16)
and can be easily solved [4, 5]
F = −ψ2 +
1
2
D2

 ψ2ψ¯2
1 + 1
2
A+
√
1 + A+ 1
4
B2

 , (3.17)
where
ψα ≡ DαL , ψ¯α˙ ≡ D¯α˙L ,
A =
1
2
(
D2ψ¯2 + D¯2ψ2
)
, B =
1
2
(
D2ψ¯2 − D¯2ψ2
)
. (3.18)
Finally, the action (3.15) becomes
S = −
1
4
∫
d4xd2θψ¯2 −
1
4
∫
d4xd2θ¯ψ2 +
1
4
∫
d4xd4θ
ψ2ψ¯2
1 + 1
2
A+
√
1 + A+ 1
4
B2
. (3.19)
It is a nonlinear extension of the standard N = 1 tensor multiplet action. In the bosonic sector
it gives rise to the static-gauge Nambu-Goto action for a L3-brane in d = 5 Minkowski space,
with one physical scalar of L being the transverse brane coordinate and another one being
represented by the notoph field strength. After dualizing L into a pair of conjugated chiral and
antichiral N = 1 superfields (the notoph strength is dualized into a scalar field), the PBGS
form of the static-gauge action of super 3-brane in d = 6 is reproduced [4].
Now we would like to demonstrate that the constraints (3.16) which play a central role in
deriving the action (3.15) are intimately related to the 5-dimensional nature of the brane under
consideration. They can be derived from the requirement of 5-dimensional Lorentz covariance.
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Indeed, in order to find a proper place for the basic superfield Lω in the coset space, the
N = 2, d = 4 Poincare´ superalgebra has been extended by a central charge generator D, eqs.
(3.1). This generator can be treated as the generator of translations in the 5th direction and
the full automorphism algebra of (3.1) can be checked to be so(1, 4) (we ignore the R-symmetry
SU(2) automorphisms). The d = 5 Lorentz algebra so(1, 4) includes, besides the d = 4 Lorentz
generatorsMαβ , M¯α˙β˙, an additional d = 4 vector Kαα˙ belonging to the coset SO(1, 4)/SO(1, 3).
The full set of the additional commutation relations reads as follows:
i [Mαβ , Kρρ˙] = εαρKβρ˙ + εβρKαρ˙ , i
[
M¯α˙β˙, Kρρ˙
]
= εα˙ρ˙Kρβ˙ + εβ˙ρ˙Kρα˙ ,
i
[
Kαα˙, Kββ˙
]
= −εαβM¯α˙β˙ − εα˙β˙Mαβ , i [D,Kαα˙] = 2Pαα˙ , i
[
Pαα˙, Kββ˙
]
= εαβεα˙β˙D ,
i [Kαα˙, Qβ] = −εαβS¯α˙ , i
[
Kαα˙, Q¯β˙
]
= −εα˙β˙Sα ,
i [Kαα˙, Sβ] = εαβQ¯α˙ , i
[
Kαα˙, S¯β˙
]
= εα˙β˙Qα . (3.20)
One can ask whether the linear realization of the N = 2 → N = 1 PBGS with the Gold-
stone superfield Lω constructed above is compatible with this extra SO(1, 4) covariance. The
SO(1, 4)/SO(1, 3) transformations of the superspace coordinates and superfield Lω can be easily
found from the left action of the group element g0 = e
iaαα˙Kαα˙ on the coset element (3.3)
δxαα˙ = 2aαα˙Lω + iaβα˙ (θβξ
α + θαξβ) + ia
αβ˙
(
θ¯β˙ ξ¯
α˙ + θ¯α˙ξ¯β˙
)
,
δθα = −iaαα˙ξ¯α˙ , δθ¯α˙ = −ia
αα˙ξα , δξ
α = −iaαα˙θ¯α˙ , δξ¯α˙ = −ia
αα˙θα ,
δLω = aαα˙x
αα˙ . (3.21)
Now one should verify whether the defining constraints (3.13) are consistent with the transfor-
mations (3.21). An equivalent but simpler check consists in passing to the N = 1 superfield
components L, F and F¯ and examining whether their SO(1, 4) transformations are consistent
with the constraints (2.6). The active form of SO(1, 4) transformations of these N = 1 super-
fields can be found from (3.21) with taking into account the ω dependence of Lω in (2.10)
δ∗L = aαα˙x
αα˙ − aαα˙∂αα˙
(
L2 − 2FF¯
)
+ iaαα˙θαD¯α˙F − ia
αα˙θ¯α˙DαF¯ ,
δ∗F = −2aαα˙∂αα˙ (FL) + ia
αα˙θ¯α˙DαL ,
δ∗F¯ = −2aαα˙∂αα˙
(
F¯L
)
− iaαα˙θαD¯α˙L . (3.22)
Note that these transformations are already essentially nonlinear, compared with the S- and
D transformations. Then the chirality of F, F¯ implies
DαF¯ = D¯α˙F = 0 ⇒ ∂αα˙ (FDβL) = ∂αα˙
(
F¯ D¯β˙L
)
= 0 , (3.23)
while the N = 1 tensor multiplet constraint yields one more condition
D2L = 0 ⇒ aαα˙∂αα˙
[
D2
(
L2 − 2FF¯
)
+ 4F
]
= 0 . (3.24)
These conditions obviously cannot be satisfied with independent N = 1 superfields L and
F, F¯ . At the same time, it is straightforward to see that the constraints (3.16) solve both
(3.23) and (3.24). Thus the implementation of the d = 5 SO(1, 4) Lorentz covariance can
be achieved only provided we impose the constraint (3.16) on our N = 2 tensor multiplet,
i.e. within the nonlinear realization framework. This observation is crucial for the AdS case,
where all generators of the automorphism group appear in the anticommutators of Q and S
supersymmetries. This case is the subject of the next Section.
7
4 AdS5 background: Goldstone N=1 improved tensor
multiplet
In the previous Section we have shown that the implementation of the automorphism SO(1, 4)
symmetry in the framework of a ‘linear’ realization of spontaneously broken N = 2 supersym-
metry puts additional strong constraints on the Goldstone N = 2 tensor multiplet, giving rise
to the genuine nonlinear realization in terms of the Goldstone N = 1 tensor multiplet pioneered
in [4]. Here we exploit this observation, in order to construct a nonlinear realization describ-
ing the partial 1/2 breaking of the simplest AdS5 supersymmetry SU(2, 2|1), with a suitable
generalization of the N = 1 tensor multiplet as a Goldstone one.
The superalgebra su(2, 2|1) contains a so(2, 4) × u(1) bosonic subalgebra with generators{
Pαα˙,Mαβ, M¯α˙β˙, Kαα˙, D
}
and {J} and eight supercharges
{
Qα, Q¯α˙, Sα, S¯α˙
}
. It can be consid-
ered either as a N = 1 superconformal algebra in d = 4 or as the superisometry of superspaces
with the AdS5 or AdS5×S
1 bosonic bodies (depending on whether the γ5 generator J is placed
in the stability subgroup or in the coset). We choose the basis in a such way, that the generators
Kαα˙ form a so(1, 4) subalgebra together with the d = 4 Lorentz generators
{
Mαβ , M¯α˙β˙
}
, as in
the first two lines of (3.20). The remaining non-trivial commutators read:
i [Mαβ , Pρρ˙] = εαρPβρ˙ + εβρPαρ˙ , i
[
M¯α˙β˙, Pρρ˙
]
= εα˙ρ˙Pρβ˙ + εβ˙ρ˙Pρα˙ ,
i [D,Pαα˙] = mPαα˙ , i [D,Kαα˙] = 2Pαα˙ −mKαα˙ ,
i
[
Pαα˙, Kββ˙
]
= εαβεα˙β˙D −
m
2
(
εαβM¯α˙β˙ + εα˙β˙Mαβ
)
.
{Qα, Sβ} = −εαβ (D + imJ) +mMαβ ,
{
Q¯α˙, S¯β˙
}
= −εα˙β˙ (D − imJ) +mM¯α˙β˙ ,{
Qα, Q¯α˙
}
= 2Pαα˙ ,
{
Sα, S¯α˙
}
= 2Pαα˙ − 2mKαα˙ ,
i [Mαβ , Qγ] = εαγQβ + εβγQα ≡ (Q)αβ,γ , i [Mαβ , Sγ] = (S)αβ,γ ,
i [D,Qα] =
m
2
Qα , i
[
D, Q¯α˙
]
=
m
2
Q¯α˙ , i [D,Sα] = −
m
2
Sα , i
[
D, S¯α˙
]
= −
m
2
S¯α˙ ,
[J,Qα] =
3
2
Qα ,
[
J, Q¯α˙
]
= −
3
2
Q¯α˙ , [J, Sα] = −
3
2
Sα ,
[
J, S¯α˙
]
=
3
2
S¯α˙ ,
i [Kαα˙, Qβ] = −εαβS¯α˙ , i
[
Kαα˙, Q¯β˙
]
= −εα˙β˙Sα , i [Kαα˙, Sβ] = εαβQ¯α˙ ,
i
[
Kαα˙, S¯β˙
]
= εα˙β˙Qα , i [Pαα˙, Sβ] = mεαβQ¯α˙ , i
[
Pαα˙, S¯β˙
]
= mεα˙β˙Qα . (4.1)
This provides an example of the ‘AdS basis’ of conformal superalgebras [33, 34, 23, 17, 18]
which perfectly suits their interpretation as the superisometry groups of the appropriate AdS
superspaces. Indeed, the generators Pαα˙, D, J form a maximal solvable bosonic subgroup in
su(2, 2|1) and span the coset SO(2, 4)/SO(1, 4)× U(1) ∼ AdS5 × S
1. The parameter m has
the meaning of the inverse AdS5 radius, m = R
−1. In the limit m = 0 (R =∞) (4.1) goes into
the N = 1, d = 5 Poincare´ superalgebra considered in the previous Section, with D becoming
the generator of translations along the 5th dimension. The generators J and Kαα˙,Mαβ, M¯α˙β˙
decouple and generate outer u(1)⊕ so(1, 4) automorphisms.
Our goal is to construct an AdS5 version of the Goldstone N = 2 tensor supermultiplet and
then properly generalize the constraints (3.16). In terms of N = 1 superfields this version is
expected to involve some modification of the N = 1 tensor multiplet L and, as before, a pair of
mutually conjugated N = 1 chiral and anti-chiral superfields F, F¯ . On these N = 1 superfields
we wish to realize an additional supersymmetry, such that it forms, together with the manifest
N = 1 supersymmetry, just the AdS5 SU(2, 2|1) supersymmetry. Besides, in a close analogy
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with the flat case, we wish that the following ‘action’:
S =
1
4
∫
d4xd2θ¯F +
1
4
∫
d4xd2θF¯ (4.2)
be an invariant of the AdS supersymmetry. Since the right-chiral integration measure d4xd2θ¯
has a D weight −3m and, with our normalization of J , a U(1) charge −3, the superfield F
should carry D and J weights equal to 3m and 3 (F¯ has the same D weight and a J charge equal
to −3). Such an assignment will be a useful hint in finding out the SU(2, 2|1) transformation
laws of L, F, F¯ and the appropriate constraints.
Our further strategy is similar, in its basic points, to what we did in the flat case. The latter
should be recovered as the m = 0 limit of the SU(2, 2|1) construction, what provides us with
one more hint. We first define a non-standard coset realization of SU(2, 2|1) in a N = 2, d = 4
superspace by choosing SO(1, 3)× U(1) as the stability subgroup and associating two sets of
Grassmann coordinates (θα, θ¯α˙) and (ξα, ξ¯α˙) with the generators (Qα, Q¯α˙) and (Sα, S¯α˙). The
coset parameters corresponding to the SO(2, 4)/SO(1, 4) generators Pαα˙ and D are the 4-
coordinate xαα˙ and the Goldstone N = 2 superfield Lω(x, ω, θ, ξ). We need not specify how the
latter depends on ω. The only assertion to be exploited is that an analog of the inhomogeneously
transforming N = 2 superfield L of the flat case is still given by the ω-independent part of Lω
(cf. (2.10))
Lω = L(x, θ, ξ) + F(ω,
1
ω
) . (4.3)
Thus, the supercoset element we start with is basically of the same form (3.3) as in the flat
case.
The coset space techniques allow us to find the transformation properties of the N = 1
superspace coordinates (xαα˙, θα, θ¯α˙) and the remaining coset parameters (ξα, ξ¯α˙,Lω) under S-
supersymmetry. For our purposes, it is enough to know them to zeroth order in (ξα, ξ¯α˙)
δxαα˙ = im
(
ηβx
βα˙θα + η¯β˙x
αβ˙ θ¯α˙
)
+
m
2
(
θ¯2θαη¯α˙ + θ2ηαθ¯α˙
)
,
δθα = −mη¯α˙x
αα˙ − im
(
θ2ηα − θ¯α˙η¯
α˙θα
)
,
δθ¯α˙ = −mηαx
αα˙ + im
(
θ¯2η¯α˙ − θαηαθ¯
α˙
)
,
δξα = ηα , δξ¯α˙ = η¯α˙ , (4.4)
δL = −i
(
θαηα − θ¯α˙η¯
α˙
)
. (4.5)
Thus, the active form of the S transformation of the superfield L (to zeroth order in (ξ, ξ¯))
reads:
δ∗L = −i
(
θαηα − θ¯α˙η¯
α˙
)
−∆xαα˙∂αα˙L+∆θ
αDαL−∆θ¯
α˙D¯α˙L− η
α ∂
∂ξα
L− η¯α˙
∂
∂ξ¯α˙
L , (4.6)
where
∆xαα˙ = 2im
(
ηβx
βα˙θα + η¯β˙x
αβ˙ θ¯α˙
)
−m
(
θ2ηαθ¯α˙ − θ¯2η¯α˙θα
)
,
∆θα = mη¯α˙x
αα˙ + im
(
θ2ηα − θ¯α˙η¯
α˙θα
)
, ∆θ¯α˙ = mηαx
αα˙ − im
(
θ¯2η¯α˙ − θαηαθ¯
α˙
)
, (4.7)
and we should put ξα = ξ¯α˙ = 0 in both sides of (4.6).
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From the transformation law (4.6) one can guess the constraint which replaces (2.6) in the
AdS case
1
m
D2e−2mL =
1
m
D¯2e−2mL = 0 . (4.8)
Indeed, in the limit m→ 0, (4.8) reduces to (2.6). If we neglect the last two terms in (4.6), for
the N = 1 superfield e−2mL we just recover the standard superconformal transformation law
of the improved N = 1 tensor multiplet [35], with (4.8) being covariant under this realization.
However, since we wish to gain a generalization of theN = 2 tensor multiplet transformation law
(3.14), we cannot suppress such terms in (4.6). Similar terms should also modify the standard
superconformal transformation laws of the chiral N = 1 superfields F, F¯ . In principle, we
could fix the ξ, ξ¯ dependence of the N = 2 superfields L(x, θ, ξ), F (x, θ, ξ), F¯ (x, θ, ξ) entering
Lω, by finding an analog of the covariant constraints (3.13) for the present case. However,
in view of the highly non-trivial structure of the superalgebra (4.1), such a method would
entail complicated technicalities. In fact, since we need a realization of SU(2, 2|1) only on the
N = 1 superfield components L(x, θ), F (x, θ), F¯ (x, θ), it is simpler to guess the precise form
of (∂L/∂ξα)|, (∂L/∂ξ¯α˙)| and similar contributions to the transformation laws of F, F¯ (here |
denotes retaining ξ, ξ¯ independent parts only). It turns out that the reasoning based on the D
and J weights, together with the requirement of compatibility with the modified constraints
(4.8) and the chiral ones for F, F¯ , fix these terms, up to a numerical coefficient. The latter is
then determined by the requirement that, in the flat m = 0 limit, the transformations (3.14)
are reproduced. One should take into account that L is shifted by a constant parameter under
the action of the generator D, so e−mL has a D weight m (spinor derivatives have a weight
m/2).
In this way, we come to the following modified realization of conformal S supersymmetry
on the N = 1 superfields L, F, F¯ :
δ∗F¯ = 6imθαηαF¯ −∆x
αα˙∂αα˙F¯ +∆θ
αDαF¯ + ie
−2mLη¯α˙D¯α˙L ,
δ∗F = −6imθ¯α˙η¯
α˙F −∆xαα˙∂αα˙F −∆θ¯
α˙D¯α˙F + ie
−2mLηαDαL ,
δ∗L = −i(θαηα − θ¯α˙η¯
α˙)−∆xαα˙∂αα˙L+∆θ
αDαL−∆θ¯
α˙D¯α˙L
−ie2mL
[
ηαDα
(
e2mLF¯
)
+ η¯α˙D¯α˙
(
e2mLF
)]
. (4.9)
In the limit m = 0, the transformations (4.9) go into (3.14). The compatibility of the F, F¯
transformation laws with the chirality conditions is just a consequence of the constraint (4.8).
The appearance of the weight pieces in the transformations can be traced to the transformation
properties of the chiral integration measures in (4.2), and is required for the invariance of (4.2).
It is easy to find, e.g.
δ(d4xRd
2θ¯) =
(
∂δxαα˙R
∂xαα˙R
−
∂δθ¯α˙
∂θ¯α˙
)
d4xrd
2θ¯ = 6im (θ¯ · η¯) d4xRd
2θ¯ , (4.10)
where
xαα˙R = x
αα˙ − iθαθ¯α˙ , δxαα˙R = 2im η¯β˙x
αβ˙
R θ¯
α˙ , δθ¯α˙ = −mηαx
αα˙
R + im η¯
α˙θ¯2 . (4.11)
Taking the transformations of F, F¯ in a passive form, when only the first and last terms in (4.9)
are retained, we see that the weight pieces are necessary for the invariance of (4.2).
The standard part of the transformation of L in (4.9) is compatible with the constraints
(4.8), while in the additional piece (the last line of (4.9)) only the first and second terms
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manifestly obey the first and second constraints in (4.8), respectively. Their sum, with L, F, F¯
being independent N = 1 superfields, is clearly inconsistent with (4.8). However, recall that
the SO(1, 4) covariance in the flat case can be implemented, only provided the constraints
(3.16) are imposed. In our case, the SO(1, 4) transformations appear in the closure of Q
and S supersymmetries, so it is natural to expect that it is necessary to take into account
similar constraints already at the level of the S transformations (4.9) for self-consistency of
the latter. It turns out that this is indeed the case. We checked that the variations (4.9)
properly reproduce, in their closure with both themselves and manifest N = 1 supersymmetry,
the remaining transformations of the AdS5 superalgebra (4.1), only if F, F¯ are subjected to the
following nonlinear constraints:
F = −
e−2mLDαLDαL
2− e4mLD2F¯
, F¯ = −
e−2mLD¯α˙LD¯
α˙L
2− e4mLD¯2F
. (4.12)
The latter constraints are compatible with both (4.8) and the chirality properties of F, F¯ . They
go into (3.16) at m = 0. Once again, this modification of (3.16) can be easily guessed from the
condition that F and F¯ possess D weight 3m and J charges ±3. Now, it is easy to check that
the full transformation of L in (4.9) is compatible with the constraint (4.8) on the surface of
(4.12). It is also a matter of a straightforward computation, to check that (4.12) by themselves
are covariant under the transformations (4.9). Thus, we see that, in the AdS5 case, there are
no direct analogs of either the linear PBGS realization of the flat case, or the Goldstone tensor
N = 2 superfield. An analog of the latter can be consistently defined only on the surface of the
nonlinear constraints (4.12). Hence we are led, at once, to deal with a nonlinear realization of
SU(2, 2|1) in terms of the improved tensor N = 1 superfield L(x, θ).
Similarly to their flat counterparts, the constraint (4.12) can be easily solved
F = −e−2mLψ2 +
1
2
D2

 ψ2ψ¯2
1 + 1
2
A+
√
1 + A+ 1
4
B2

 , (4.13)
where
ψα ≡ DαL , ψ¯α˙ ≡ D¯α˙L ,
A =
1
2
e2mL
(
D2ψ¯2 + D¯2ψ2
)
, B =
1
2
e2mL
(
D2ψ¯2 − D¯2ψ2
)
. (4.14)
Finally, the action (4.2) can be written in the form
S = −
1
4
∫
d4xd2θe−2mLψ¯2 −
1
4
∫
d4xd2θ¯e−2mLψ2 +
1
4
∫
d4xd4θ
ψ2ψ¯2
1 + 1
2
A+
√
1 + A+ 1
4
B2
,
(4.15)
or, equivalently, as
S =
1
4
∫
d4xd4θ

 1
m
Le−2mL +
ψ2ψ¯2
1 + 1
2
A+
√
1 + A+ 1
4
B2

 . (4.16)
The first term in (4.16) is recognized as the action of the improved tensor N = 1 superfield
[35].
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To see which sort of supersymmetric extended object the action (4.16) describes let us
examine its bosonic core. Defining the bosonic components as follows:
φ = L|θ=0 ,
[
Dα, D¯α˙
]
e−2mL|θ=0 = −2mVαα˙ , (4.17)
where, in virtue of (4.12),
∂αα˙V
αα˙ = 0 , (4.18)
the bosonic part of (4.15) proves to be
SB =
∫
d4xe−4mφ
[
1−
√
1 +
1
2
e6mφV 2 − 2e2mφ(∂φ)2 − e8mφ(V αα˙∂αα˙φ)2
]
. (4.19)
The latter is a conformally-invariant extension of the static gauge Nambu-Goto action for a
L3-brane in d = 5: the dilaton φ can be interpreted as a radial brane coordinate, while V αα˙ is
the field strength of the notoph, and it contributes one more scalar degree of freedom on shell.
In the limit V αα˙ = 0 , the action (4.19) becomes just the static-gauge form of the Nambu-Goto
action for 3-brane on AdS5 in the ‘solvable-subgroup’ parametrization [33, 23].
Thus we conclude that the superfield action (4.16) describes the static-gauge AdS5 super L3-
brane which can be defined as a superconformally invariant generalization of the flat superspace
L3-brane of refs. [4]-[6]. To our knowledge, such an action was never given before. On the
other hand, the flat superspace L3-brane action beyond the static gauge was deduced in ref.
[27] in the framework of superembedding approach. It would be tempting to recover the action
(4.16) as a gauge-fixed form of some appropriate worldvolume action in this approach.
We wish to point out that the Goldstone superfield action (4.16) corresponds to the one-
half partial breaking of SU(2, 2|1) down to its N = 1, d = 4 super Poincare´ subgroup which,
together with the R-symmetry (or γ5) subgroup generated by J , are the only linearly realized
symmetries of this PBGS pattern. Likewise, the only linearly realized symmetry of the bosonic
action (4.19) is the 4-dimensional worldvolume Poincare´ symmetry.
The U(1) R-symmetry generated by J gets nonlinearly realized after performing a duality
transformation. As well known, the notoph field strength V αα˙ can be dualized into an off-
shell scalar, by first introducing the constraint (4.18) into the action with a Lagrange scalar
multiplier and then eliminating V αα˙, using its algebraic equation of motion, in terms of the
additional scalar field. Extending (4.19) as follows:
SB ⇒ S
dual
B = SB +
∫
d4xλ∂αα˙V
αα˙ (4.20)
and eliminating V αα˙, after some algebra we obtain
SdualB =
∫
d4x e−4mφ
{
1−
√
1− 2e2mφ [(∂φ)2 + (∂λ)2] + 4e4mφ [(∂φ)2(∂λ)2 − (∂φ∂λ)2]
}
.
(4.21)
After passing to Cartesian R2 coordinates
Z1 = r cosϑ , Z2 = r sin ϑ , r ≡ e−mφ , ϑ ≡ mλ , (4.22)
one can rewrite (4.21) in a nice form
SdualB =
∫
d4x |Z|4
[
1−
√
−det
(
ηµν −
2
m2
∂µZn∂νZn
|Z|4
)]
, (4.23)
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which is just the S5 → S1 reduction of the scalar part of the D3-brane action on AdS5×S
5 [19,
22], i.e. the static-gauge Nambu-Goto action of a scalar 3-brane on AdS5× S
1 (with AdS5 and
S1 having equal radii ∼ m−1). In the next Section we shall perform this duality transformation
at the full superfield level and obtain a SU(2, 2|1) invariant action of the Goldstone chiral
N = 1 superfield which yields in its bosonic sector just (4.21) or (4.23). It will be argued
there that λ(x) is the coset parameter associated with the U(1) generator J , which supports
its interpretation as an angular variable in (4.22).4
5 Dual Goldstone superfield action on AdS5 x S
1
In order to carry out a duality transformation at the full superfield level, we begin with the
superfield action (4.16) and relax the basic constraints (4.8) by adding a Lagrange multiplier
Sdual =
1
4
∫
d4xd2θd2θ¯
[
−
1
2m2
Y (lnY − 1) +
Y −4
(2m)4
(DY )2(D¯Y )2f +
Y
2m
(ϕ+ ϕ¯)
]
, (5.1)
where
Y ≡ e−2mL , D¯α˙ϕ = Dαϕ¯ = 0 . (5.2)
Next, we vary the action (5.1) with respect to Y , in order to obtain an algebraic equation that
would allow us to trade Y for ϕ, ϕ¯
1
2m2
lnY −
1
2m
(ϕ+ ϕ¯) = a1(DY )
2 + a2(D¯Y )
2 + cαα˙D
αY D¯α˙Y
+aα3DαY (D¯Y )
2 + aα˙4 D¯α˙Y (DY )
2 + a5(DY )
2(D¯Y )2 , (5.3)
where all terms in the r.h.s come from the variation of the four-fermion term in (5.1). The
coefficients an and cαα˙ are functions of Y and its derivatives.
Plugging (5.3) back into the action (5.1) gives us the following expression:
Sdual =
1
4
∫
d4xd2θd2θ¯em(ϕ+ϕ¯)
[
1
2m2
+
(
Y −4
(2m)4
f − 2m2a1a2 −
m2
4
c2
)
(DY )2(D¯Y )2
]
. (5.4)
Thus, we need to solve the rather complicated equation (5.3), which expresses Y in terms of ϕ, ϕ¯
only up to the second order in the fermions. Moreover, the functions a1 and a2 are proportional
to D¯2Y and D2Y , respectively. It was explicitly shown in [6] that such terms can be reabsorbed
into a redefinition of a chiral Lagrangian multiplier. Therefore we can discard such terms in
the action.
To summarize, the equation we have to solve reads:
−
1
2m2
lnY +
1
2m
(ϕ+ ϕ¯) + cαα˙D
αY D¯α˙Y = 0 , (5.5)
where
cαα˙ =
Y −4
8m4
[
HG¯αα˙ − H¯Gαα˙
]
. (5.6)
Here,
H = 2f + (fA + fB) (A +B) , H¯ = 2f + (fA − fB) (A−B) , (5.7)
4Some appropriate periodicity conditions should be imposed on λ(x) to make such an interpretation correct.
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and
Gαα˙ ≡ DαD¯α˙Y , G¯αα˙ ≡ D¯α˙DαY. (5.8)
Acting by two spinor derivatives on eq. (5.5) and omitting terms with fermions we obtain
the following nonlinear equations:
−2i∂αα˙ϕ =
Y −1
m
[(
1−
1
4
(A+B) H¯
)
G¯αα˙ +
1
4
(A− B)HGαα˙
]
,
−2i∂αα˙ϕ¯ =
Y −1
m
[(
1−
1
4
(A−B)H
)
Gαα˙ +
1
4
(A+B) H¯G¯αα˙
]
. (5.9)
Squaring these equations and taking their cross-product we find the relations between A,B and
P defined as
P ≡
Y −3
2m2
Gαα˙G¯αα˙ , (5.10)
on the one hand, and the corresponding duals
a = −e−m(ϕ+ϕ¯)
[
(∂ϕ)2 + (∂ϕ¯)2
]
, b = −e−m(ϕ+ϕ¯)
[
(∂ϕ)2 − (∂ϕ¯)2
]
,
p = −e−m(ϕ+ϕ¯)∂αα˙ϕ∂αα˙ϕ¯ , (5.11)
on the other. The relations
a+ b = (A− B)
[(
1−
1
4
H¯(A+B)
)2
+
1
2
HP
(
1−
1
4
H¯(A+B)
)
+
1
16
H2(A2 − B2)
]
,
a− b = (A+B)
[(
1−
1
4
H(A−B)
)2
+
1
2
H¯P
(
1−
1
4
H(A− B)
)
+
1
16
H¯2(A2 − B2)
]
,
a+ p = A + P (5.12)
can be exactly solved, yielding the following expressions:
A =
2(a2 − b2 + a(2 + p))
b2 − a2 + (p+ 2)2
, B = −
2b√
b2 − a2 + (p+ 2)2
, P = a+ p− A . (5.13)
As a last step, we should express (DG)2(D¯G)2 in terms of spinor derivatives of ϕ, ϕ¯. Once
again, acting on the basic equation (5.3) with the derivatives Dα and D¯α˙ and keeping only
terms linear in the fermions, we find
Dαϕ =
1
m
Dα lnY + 2mc
ββ¯Gαβ˙DβY , D¯α˙ϕ¯ =
1
m
D¯α˙ lnY − 2mc
ββ¯G¯βα˙D¯β˙Y . (5.14)
From (5.14) one can deduce
(DG)2(D¯G)2 =
m4Y 4(Dϕ)2(D¯ϕ¯)2
(1 + 2m2Y cαα˙Gαα˙ +m4Y 2c2G2)
(
1− 2m2Y cαα˙G¯αα˙ +m4Y 2c2G¯2
) . (5.15)
Finally, plugging all this in the actions (5.4), we find the dual action in a rather simple form
Sdual =
1
8
∫
d4xd4θ
(
1
m2
em(ϕ+ϕ¯) (5.16)
+
1
8
(Dϕ)2(D¯ϕ¯)2
1− e−m(ϕ+ϕ¯)∂ϕ∂ϕ¯ +
√
(1− e−m(ϕ+ϕ¯)∂ϕ∂ϕ¯)2 − e−2m(ϕ+ϕ¯)(∂ϕ)2(∂ϕ¯)2
)
.
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This action goes into the flat N = 2 → N = 1 chiral Goldstone superfield action of [5, 6]
in the limit m = 0 and is obviously SU(2, 2|1) invariant, as it was obtained by dualizing the
SU(2, 2|1) invariant action (4.15), (4.16).
In principle, one can find the precise form of the SU(2, 2|1) transformations of the chiral
Goldstone superfields ϕ, ϕ¯, but we do not give them here, because they look not too illuminat-
ing. We only note that the standard U(1) isometry associated with the duality transformation,
viz. δϕ = iα, δϕ¯ = −iα, now appears in the closure of Q and S transformations of the Gold-
stone superfields, with the imaginary part of ϕ| as the corresponding Goldstone field. Hence,
it is just the J (or γ5) symmetry of SU(2, 2|1). In other words, performing a duality transfor-
mation brings this symmetry from the stability subgroup into the coset. Actually, this can be
seen already at the level of dualization of the standard improved N = 1 tensor supermultiplet,
which corresponds to the approximation of neglecting the last line in the transformation law
of L in (4.9) and keeping only the first term in the action (4.16). In this case, it is easy to find
the precise expression of Y in terms of ϕ, ϕ¯
Y = em(ϕ+ϕ¯) . (5.17)
Then, the standard S transformation law of Y is reproduced by the following transformations
of chiral superfields
δ∗ϕ = 2iθαηα −∆x
αα˙∂αα˙ϕ+∆θ
αDαϕ , δ
∗ϕ¯ = −2iθ¯α˙η¯
α˙ −∆xαα˙∂αα˙ϕ¯−∆θ¯
α˙D¯α˙ϕ¯ . (5.18)
It is easy to see that, in the closure of this transformation with the standard N = 1 Poincare´
supersymmetry, there appears a complex bracket parameter. Its real and imaginary parts
are just the dilatonic and γ5 weight transformations. This property persists in the complete
nonlinear version of (5.18). A similar ‘jumping’ of the R-symmetry generator from the stability
subgroup to the coset after a duality transformation was observed in [36], in the study of the
relation between real and complex forms of N = 2 superconformal mechanics associated with
the nonlinear realization of the N = 2, d = 1 superconformal group SU(1, 1|1) ∼ OSp(2|2).
The bosonic part of the action (5.16) reads:
SdualB =
∫
d4xe2m(ϕ+ϕ¯)
[
1 +
√
(1− e−m(ϕ+ϕ¯)∂ϕ∂ϕ¯)
2
− e−2m(ϕ+ϕ¯)(∂ϕ)2(∂ϕ¯)2
]
(5.19)
and it coincides with (4.21), after the following identifications:
φ = −
1
2
(ϕ + ϕ¯) , λ =
i
2
(ϕ− ϕ¯) . (5.20)
Thus, we conclude that the Goldstone superfield action (5.16) describes a situation where
SU(2, 2|1) is nonlinearly realized in its coset over the subgroup SO(1, 3), with a N = 1, d = 4
Poincare´ supersymmetry realized in the standard linear way on N = 1 superspace coordi-
nates and Goldstone superfields. The S supersymmetry is broken, along with the D, J and
SO(1, 4)/SO(1, 3) Kαα˙ transformations (the ‘Goldstone field’ for the latter is basically the x-
derivative of the dilaton). The independent bosonic Goldstone fields and xαα˙ parameterize the
coset manifold AdS5 × S
1 ∝ {xαα˙, φ} ⊗ {λ}. The bosonic part of the action (5.16) is just the
static-gauge Nambu-Goto action of 3-brane on the latter manifold.
This solves the problem of constructing a minimal Goldstone superfield action for the PBGS
option considered.
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6 Discussion
In this paper we have constructed new nonlinear realizations of the simplest AdS5 superisometry
group (viz. N = 1, d = 4 superconformal group) SU(2, 2|1), in terms of a N = 1, d = 4
improved tensor and chiral Goldstone superfields. We have set up the minimal Goldstone
superfield action for the first option, by generalizing the approach applied earlier to the case of
flat Minkowski background. This generalization is not straightforward, and it essentially relies
on a novel interpretation of the basic constraints of refs. [4, 5, 6], as a guarantee of hidden d = 5
SO(1, 4) covariance. The minimal Goldstone superfield action for the second PBGS option has
been obtained by dualizing the action for the first one. The actions constructed contain no
free parameters (as opposed to the candidate Goldstone superfield action of ref. [25]). They
provide a manifestly N = 1 supersymmetric off-shell superfield form of the worldvolume actions
for a L3-superbrane on AdS5 and a scalar super 3-brane on AdS5×S
1, respectively. The latter
is a truncation of the action for a super AdS5 × S
5 D3-brane. In the limit of infinite AdS5
radius, the new actions go into their flat superspace counterparts which describe the partial
breaking of N = 2, d = 4 supersymmetry down to N = 1 supersymmetry [4, 5, 6, 3]. Similarly
to the flat superspace Goldstone superfield Lagrangians, their AdS5 analogs do not behave
under SU(2, 2|1) supersymmetry transformations as tensors. Rather, they are shifted by a
total derivative. In this respect, they are reminiscent of the WZW or CS Lagrangians.
The study in this paper, together with the results of [23], can be regarded as first steps in
a program of constructing off-shell Goldstone superfield actions for various patterns of partial
breaking of AdS×S supersymmetries and their non-trivial contractions corresponding to pp-
wave type backgrounds. One of the obvious related tasks (as already mentioned in [25]) is the
quest for an action corresponding to the half-breaking of theN = 2 AdS5 supergroup SU(2, 2|2),
in a supercoset with the AdS5×S
1 bosonic part. In this case, the basic Goldstone superfield that
we expect to deal with should be the appropriate generalization of the N = 2 Maxwell superfield
strength. The relevant minimal action should be a superconformally invariant version of the
Dirac-Born-Infeld action describing N = 4→ N = 2 partial breaking in flat superspace [37, 38].
Note that in the flat case there exists one more N = 2→ N = 1 PBGS option associated with
the choice of a vector N = 1, d = 4 multiplet as a Goldstone one and corresponding to a space-
filling N = 1 D3-brane [39]. No AdS5 analog of this realization exists. The reason is that the
SU(2, 2|1) invariance requires the presence of a dilaton field in the relevant N = 1 Goldstone
supermultiplet. In the Goldstone N = 2 vector supermultiplet there are two scalar fields and,
therefore, the above objection can be circumvented.
Another interesting problem is to extend the ‘holographic map’ of ref. [17] to the supercon-
formal PBGS cases, including those studied in the present paper. We expect the existence of a
nonlinear change of Goldstone superfields and N = 1 superspace coordinates which maps the
nonlinear realization (4.9) (and its counterpart for the chiral Goldstone superfields) onto the
standard nonlinear realization of SU(2, 2|1) regarded as a N = 1, d = 4 superconformal group
[40]. The minimal Goldstone superfield actions constructed above are expected to be mapped
onto some non-linear higher-derivative extensions of the standard N = 1, d = 4 superconformal
actions of the improved tensor and chiral N = 1 superfields used as the Goldstone ones for
the standard nonlinear realizations of SU(2, 2|1), similarly to what takes place for bosonic AdS
actions [17].
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